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1. INTRODUCTION

Cholera and typhoid fever continue to threaten public health, particularly
in communities with inadequate sanitation and unsafe water supplies. A
compartmental framework is developed to investigate the joint spread of
cholera and typhoid within a homogeneous population. The model
accounts for direct and indirect transmission, environmental bacterial
contamination, exposed and infectious classes, treatment, vaccination,
recovery, and waning immunity. The next-generation matrix technique
yielded the basic reproduction number Ry, which was used to determine
the conditions for disease persistence. Mathematical analysis confirms
that the model solutions remain positive and bounded at all times.
Stability results indicate that the disease-free equilibrium is globally
asymptotically stable whenever R, < 1, whereas endemic persistence is
possible when Ry, > 1. To assess intervention measures, we introduced
optimal control variables representing sanitation, vaccination, and
treatment and analyzed them using Pontryagin’s Maximum Principle.
Numerical simulations demonstrate that combined interventions
substantially reduce cholera prevalence, co-infection cases, and
environmental bacterial concentrations. Sensitivity results indicate that
cholera transmission is strongly influenced by environmental sanitation,
whereas typhoid spread depends more on direct human contact. Cost-
effectiveness analysis reveals that sanitation-focused interventions
provide the most economical strategy for cholera control, whereas
integrated measures achieve the largest overall reduction in disease
burden.

Cholera is a waterborne bacterial disease caused by Vibrio cholerae. Infection typically causes severe
diarrhea and dehydration and is often linked to consuming contaminated water or food. The disease has an
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estimated incubation period of 14 days (Azman et al., 2013). Typhoid fever, caused by Salmonella enterica
serovar Typhi, is another life-threatening illness that shares transmission pathways with cholera (Akinyemi
et al., 2021). It severely damages the reticuloendothelial system, intestinal lymphoid tissues, and the
gallbladder, with an incubation period of about 3 to 19 days (Gouda, 2024).

Mathematical modeling has been central to understanding the dynamics of co-infections in human
populations. For instance, reducing the basic reproduction number below unity has been shown to
significantly lower malaria and pneumonia cases in a malaria—pneumonia co-infection model. Similarly,
Sibaroni et al. (2020) highlighted that environmental and climatic variability can significantly influence the
spread and endemicity of infectious diseases, including dengue fever, emphasizing the role of
environmental forcing in disease propagation. Furthermore, an SIR framework was applied to analyze
COVID-19 interventions in Malaysia, showing the effectiveness of mathematical models in evaluating
public health control strategies.

Cholera and typhoid fever remain significant public health threats globally, particularly in regions
with inadequate sanitation and water sources unsafe for human consumption (Ali et al., 2015; Stanaway et
al., 2019). The disease burden is disproportionately higher in developing countries; Nigeria remains among
the countries heavily affected by cholera and typhoid, largely because of deficiencies in water supply
systems, sanitation infrastructure, and hygiene practices that enable disease transmission. The continued
occurrence of these diseases highlights the need for effective control strategies and motivates the use of
mathematical models to better understand and mitigate their transmission dynamics (Ali et al., 2015).

Several models have been formulated to study cholera and typhoid in isolation. For example, cholera
models have incorporated environmental reservoirs, vaccination strategies, and hyper-infectivity (Panja,
2019; Tien & Earn, 2010). Typhoid models, by contrast, have focused on vaccination coverage, treatment
strategies, and optimal control approaches (Tilahun, 2019; Tilahun et al., 2017). Sanusi and Yusuf (2023)
showed through mathematical analysis that infection quiescence can increase the likelihood of major
outbreaks. In addition, Bolaji et al. (2024) examined the spread of monkeypox involving human-rodent
interactions, providing valuable insights for epidemic response modeling. Finally, Matsebula and Nyabadza
(2022) developed a mathematical model to describe how cholera and typhoid spread.

Previous investigations have largely examined cholera and typhoid separately. The present work
integrates both infections into a unified framework, enabling an assessment of their combined
epidemiological behavior and intervention outcomes. A key contribution of this study lies in capturing the
coupled interaction between waterborne (cholera) and directly transmitted (typhoid) infections within a
unified modeling framework. This allows the derivation of distinct yet interacting reproduction numbers,
providing insight into the independent and joint persistence of the diseases. Furthermore, the model reveals
differential sensitivity of cholera and typhoid to intervention strategies and highlights the dominant role of
sanitation in controlling environmentally driven transmission.

In addition, the integration of time-dependent optimal control measures enables the assessment of
cost-effective intervention strategies in a co-infection setting, thereby supporting the understanding and
management of the burden of cholera—typhoid co-infection in endemic regions.

2. MATERIALS AND METHODS

This section presents the formulation of the cholera—typhoid co-infection model and its mathematical
analysis. It describes the model structure, assumptions, and governing equations, followed by key analytical
properties such as positivity, boundedness, the reproduction number, stability results, and the optimal
control framework.
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2.1 Model Diagram

Figure 1 depicts the cholera—typhoid co-infection system, highlighting interactions among human
population groups and environmental bacterial reservoirs. Individuals progress through susceptible,
vaccinated, exposed, infectious, co-infectious, and recovered states, while bacterial levels are increased by
infected individuals and reduced through natural decay.

\ 5c L

Aewae Sult— )

l o pe

/}F:‘"J’r

Yre

T,

Fig. 1. Schematic diagram of the model

Source: Authors’ schematic representation of the proposed cholera—typhoid co-infection model

A cholera—typhoid co-infection model is formulated by coupling human and environmental bacterial
populations. The human population is divided into susceptible Sy, vaccinated V¢, Vy, exposed Ec, Et,
infectious I, I, co-infected It¢, and recovered compartments R¢, Ry, for both diseases. Individuals are
recruited into the susceptible class and may become infected through effective contact with infectious
individuals or transition through vaccination, waning immunity, recovery, and natural death. Exposed
individuals progress to infection, while infectious individuals may recover, progress to co-infection, or die.
Environmental bacteria B¢ and Bt increase through shedding from infected classes and decay naturally.

The system of nonlinear differential equations (1) — (13) that describes the behavior of the model
results from these interactions:
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as
d_tH =A—(Ac+tAr t@r + @ + WSy + YcRe + YreRre + YrRy + ecVe + Vrer (1
av
d_tc = @Sy — (ec + WVe )
av
d_tT =wrSy — (er + WVr 3)
€ = AcSy — kiEe )
& - ArSy — K Er %)
dt
€ = acE; — kalc(t — Q) (©6)
dl
— = arEr — Kyl (t — 0Or) @)
dt
dl
= Trlr + 7cle — ksl ®
dt
dR
d_tc = ¢clc — (W + PR ©
dR
d—tT = ¢rlr — (U +Yr)Ry (10)
dt = ¢rclre — W+ Yrc)Rrc (11)
dB; B
—_— = ﬁCBC (1 —_ _) + JZIC + G3EC + JllTC —_ 6CBC (12)
dt K.
—_— = ﬁTBT <1 - _> + 0-5[7‘ + O-ﬁET + 0-4—ITC - STBT (13)

where;

ki =oac+pu+pct+oz,ky=0ar+p+pr+o0ogK;=dbc+u+pec+tc+oy,

(14)
ky =dr+p+pr+1tr+05, ks =drc + 0+ per + 02 + 0y
The forces of infection are expressed as follows:
1= ©c,Bc | ucyUctecler) A = orBr , Mr,Ur+ericr)
C 7 Be+ke N T ™ Br+Kr N ’
__ 9c3Bc | meyUctecler) _ ¢r3Br | wur,Ur+ericr) (15)
C ™ Bet+ke N * T 7 Br+kr N )
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Table 1. Overview of important model variables

Variables Description

Sy Susceptible humans

Ec, Er Cholera and typhoid-exposed humans, respectively

Ve, Vi Vaccinated individuals against cholera and typhoid, respectively

Ip, 1o, I Individuals infected with cholera, typhoid fever and cholera-typhoid infection
Re, Ry, Rrc Individuals recovered from cholera, Typhoid and Cholera-typhoid infections
B¢, Br Cholerae Typhi concentration and Salmonella bacteria concentration

Source: Authors’ definitions of the variables in the cholera—typhoid co-infection model

2.2 Positivity of Solution

For epidemiological validity, it is necessary to establish for all state variables remain non-negative at
all future times whenever the initial conditions are non-negative.

Proof
Consider the susceptible human population

ds
d_tH =A- (}\C + }\T + wr + we + H)SH + lIJCRC + LIJTCRTC + llJTRT + SCVC + VTST' (16)

Separating variables and integrating yields:

fid&{z—fQC+AT+wT+wc+Mda

(17)
InSy = —A(t) + ¢4
where
A(t) = — fot(kc + Ar + @ + @we + Wdt and ¢, is the constant of integration. Exponentiating gives
Sy=De™ W D=¢1>0att=0,5, >0. (18)
Hence Sy (t) = 0Vt = 0 provided S;(0) = 0.
Similarly, for the vaccinated compartments:
av,
d_tc =wcSy — (ec + WVe,
DV (19)
= = @rSu— (er + Wy,
Integrating yields
Ve=G6e TO V. =Je 1O G ]>0. (20)

So Vc(t), Vp(t) = 0 forall £ > 0.
Applying the same procedure to the exposed, infected, and recovered compartments gives:

EC(t)' ET(t)l Ic(t), IT(t)! ITC! Rc(t), RT(t)! RTC (t) = ove = 0. (21)

Also, for the bacterial reservoirs
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Bc(t),Br(t) =0Vt = 0. (22)

Therefore, every state variable of the cholera—typhoid co-infection model remains non-negative for all time,
provided the initial conditions are non-negative. Hence, the model's feasible region is positively invariant.

2.3 Reproduction Number R

The basic reproduction number, denoted by Ro, represents the average number of secondary infections
generated by a single infectious individual introduced into an entirely susceptible population. It serves as a
threshold quantity that determines whether disease invasion can occur. If Ry < 1, the introduction of
cholera and typhoid infections into the population will not lead to sustained transmission, and the co-
infection will eventually be eliminated. Conversely, if Ry > 1, both cholera and typhoid infections will
persist in the population, leading to endemicity.

Applying the Van den Driessche and Watmough (2002) approach to Egs. (4) — (8) and (12) — (13),
which govern infection dynamics, yields the following:

In the absence of disease at equilibrium,
Sii =7 Ec=Er=lc=1Ip=lpc =B =By = 0. (23)

Linearization about the disease-free equilibrium produces the matrices (£') and (V') , where (F') captures
the appearance of new infections and (V) describes all other transfers among infected compartments,

Ke, St ochcy St Peasy
0 0 =% o —/=2H i 0

Z ~ P kk 0 0 0 0 0 0
HroSii - QThTySh Prisy 0 k 0 0 0 0 0\\
00 0 — —F 0 — ~a, 0 ks 0 O 0 O
F=|0 0 0 0 0 0 0 lv=l 0 —az 0 Kk, 0 0 0 (24)
o o o 0 0 0 0o | 0 0 0 0 ks 0 0
00 1 14 0 0 0 \—03 0 -0, 0 -0, 6 0/
g 8 8 g 8 8 8 0 —0¢ 0 —05 —04 0 6'1"
Then the general matrix becomes:
0 0 By Sh 0 ockc,Sn Peaisy
Nk3 Nks Kcéc
BT,SH  OTHT,Sh Prysy
00 0 Nky Nks K7éT
fp-i=|0 0 0 0 0 0 o | 25)
0 0 O 0 0 0 0
00 * I 0 0 0
k3 kg
0 0 O 0 0 0 0
0 0 O 0 0 0 0

The dominant eigenvalue of the matrix (FV 1) yields the effective reproduction number for the
coupled cholera—typhoid transmission process. The eigenvalues representing the two reproduction numbers
are expressed as:

HcySH | PCqS QCcHC,SH UT,SH | PT4S, QTHUT,SH
RC — 2 1°H 2 , RT — 2 1°H 2 . (26)
Nk3 Kcéc Nkg Nky K1éT Nkg

So that Ry = max{R¢, Rr}.
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2.4 Sensitivity Analysis of the Basic Reproduction Number

To determine the epidemiological parameters that most strongly influence cholera—typhoid
transmission, a sensitivity analysis of the basic reproduction number is performed. The normalized forward
sensitivity index of R, with respect to a parameter P is defined as:

oR, P
YFo = a—PO Xz (27)
where Y,f ° denotes the sensitivity index of the basic reproduction number with respect to parameter P .
This measure quantifies the relative change in R, resulting from a relative change in the parameter.
Parameters with positive sensitivity values increase disease transmission as their magnitudes rise, whereas
those with negative values contribute to lowering transmission and enhancing disease control.

2.5 Global Stability of Disease-Free Equilibrium (DFE)

Global asymptotic stability implies that, irrespective of the initial conditions, system trajectories
eventually approach and remain at the equilibrium state. Various techniques have been developed to
establish the global stability of the disease-free equilibrium (DFE), including the approaches proposed by
Perasso (2018) and Van den Driessche (2017) as well as the Lyapunov function method. In this work, we
employ the Lyapunov function approach.

Theorem 1

The disease-free equilibrium (DFE) of the system defined in Egs. (1) — (13) is globally asymptotically
stable.

Proof

We consider the following Lyapunov function:

V(t) = (SH - SH* IDSH) + (VC - VC* ln Vc) + (VT - VT* ln VT) + EC + ET + IC + IT

(28)
Differentiating with respect to time, we have
O = S0 (1 =Y 4 v (1 =2 vy (1= V) b b v B ho 41y 4 11
(t)—H( _E)‘Fc _V_C+T _V_T+ ctErtlc+ir+irc (29)
+Rc + Ry + Ry¢ + B+ Br.
Substituting the system dynamics, simplifying, and collecting terms yields
V(o) —A(1 S*H>+k s (1 SH>+k ye (1 VC>+k ye (1 VT)
- SH 1Y H S*H 2 Cc V*C 3 T V*T (30)
_S(RC + RT + RTC)'
From the above, it follows that
V(v <A(1 S*H>+k S* (1 SH>+k v <1 VC>+k v <1 VT)
= Su A S ¢ vee) DT Ver 1)

_S(RC + RT + RTC)'
Clearly , V(t) < 0 only when R; + Ry + Ry¢ = 0. Therefore, the largest invariant set in Q is the singleton

set ¢ 0. By LaSalle’s invariance principle, the DFE g, is globally asymptotically stable on 2 whenever
RC < 0.
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2.6 Global Stability of Endemic Equilibrium

The global stability of the endemic equilibrium indicates that, when the reproduction number exceeds
unity, the infection persists and solutions converge to that equilibrium.

Theorem 2

If Ry > 1, then the unique endemic equilibrium E** is globally asymptotically stable on (1 such that
EC:ET:IC:IT:ITC:().

Proof
Consider the Lyapunov function [ = Y13, a;(x; — x; In x;) where a; > 0 are suitably chosen positive

constants, x; is the population of i*"compartment, and x; is the equilibrium point, which is an endemic

= al(SH - S;I ll’lSH) + az(VC - Vg In Vc) + a3(VT - V'i": In VT) + a4(EC - EZ‘ In Ec)
+a5(ET - E'; ln ET) + a6(IC - Ié ln Ic) + a7(lT - I';i ln IT) + aS(ITC - I;C ln ITC)

+ag(Rc — ReInR¢) + ar0(Rr — Ry InRy) + a;1(Rye — Rr¢InRer)
+a12 (BC - BE‘ ln Bc) + a13(BT - B';' ln BT)'
point. The Lyapunov function for the full model system is
For the cholera compartment, we define
lC = al(SH - S;I ln SH) + az(VC - V; ln VC) + a3(EC - Eé ln EC) (33)

+a5(IC - IE ln Ic) + a6(RC - Rz ln Rc) + a7(BC - BZ* ln Bc).
Differentiating with respect to time yields

dlc_z (1 xf‘)dxi 34
de LM\ T ) A (34)

l

At the endemic equilibrium point E**, it simplifies to
dl S* 2 S* 2
— = —a,(w¢ + 1) (1 - —H) —ahc <1 - —H> + Z¢(Su, Ve, Ecy e, Re, Be) (35)
dt Sy Sy

where Z is a non-negative function.

Similarly, for the typhoid compartments, we define

lT = (17(51_1 - S;I lnSH) + as(VT - V'If In VT) + ag(ET - E;'* In ET)

36
+a10(17~ _I'I*" ln[T) +a11(RT_R:1k" lnRT)+a12(BT _B;: lnBT) ( )
with the time derivative
dl S* 2 S* 2
_T = _a7(w7‘ + ‘Ll) (1 - _H) - a7/17~ <1 - _H> + ZT(SH) VT’ ET' IT' RT' BT) (37)
dt Sy Sy

where Z; < 0 by LaSalle’s invariance principle. Since Z., Zr < 0 for all positive compartment values, it

follows that % < 0 with equality holding only at the endemic equilibrium,
SH =S;1,VC =V2,VT =V;~,ET =E;—-,....,BT =B;—- (38)

Therefore, E** is globally asymptotically stable.

https://doi.org/10.24191/mij.v7i2.12400 ©Authors, 2026


https://doi.org/10.24191/mij.v7i2.12400

318 Sagir et al. / Mathematical Sciences and Informatics Journal (2026) Vol. 7, No. 2
3. OPTIMAL CONTROL OF THE CHOLERA-TYPHOID CO-INFECTION MODEL

Optimal control theory enables us to derive time-dependent intervention functions (e.g., vaccination,
treatment, and sanitation) that minimize a composite cost functional reflecting both disease burden and
intervention costs (Adu et al., 2026).

Let the state vector be
x(t) =Sy, Ve,Vr, Ec, Er, I, I, Irc, Re, Ry, Ry, Be, Br (39

and define the control functions U, (t), U, (t) and U;(t) representing vaccination, treatment, and sanitation
efforts, respectively. Under these controls, the susceptible and infected classes are modified. For example,
the susceptible population evolves as infection pressure decreases through vaccination, while the infected
compartment is further reduced through treatment. Environmental reservoirs are likewise lowered through
sanitation control.

The objective functional is formulated as:
T 1
J(U,, Uy, Ug) = f [Allc(t) + Ayl (6) + Aslpc(t) + E(131U12 + B,U? + ByU2)|dt (40)
0
where A; = 0,B; > 0 balance disease burden and intervention costs. The controls satisfy 0 < U;(t) <
U™, i=123.

Using Pontryagin’s Maximum Principle, the Hamiltonian is constructed and adjoint variables A;(t)
are introduced. The adjoint system satisfies:
d; _ _5_H ) _ .
P Mi,/lL(T) =0(=1,..,13). (41)

Optimal controls are obtained from the first-order conditions:

U; (t) = min (U{na" ,max (0, A:H) ),

X i AelctAzIT+AglTC
U;(t) = min (U;"‘“‘ ,max (0, T) ), (42)

U;(t) = min (U;nax ,max (0, M) )

B3
The resulting optimality system is solved numerically using the forward—backward sweep method

(Armengou-Riera et al., 2026), yielding optimal time profiles that reduce infection levels while controlling
intervention costs.

Finally, the economic evaluation is performed using the Average Cost-Effectiveness Ratio (ACER):
c,—-C
ACER = 22— (43)
E, —E;
where (C;) represents the total cost associated with control strategy (i), and (E;) denotes the corresponding
epidemiological effectiveness measured as infections averted.
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4. RESULTS AND DISCUSSION

This section presents numerical simulations, model validation, and interpretation of the epidemiological
behavior of the system under different intervention scenarios.

4.1 Analysis of the Model

The epidemiological data in (NCDC, n.d.; WHO, n.d.) were used to simulate the formulated
cholera—typhoid co-infection model under two distinct conditions: the absence of health interventions (H =
0) and the implementation of moderate interventions (H = 0.25) here, H represents the intensity of health
measures such as sanitation, treatment, and vaccination.

Simulation results were displayed graphically, and the two control scenarios were compared to
examine the effectiveness of intervention measures in reducing disease spread. Model calibration and
validation were carried out using reported cholera and typhoid incidence data obtained from the Nigeria
Centre for Disease Control and the World Health Organization.

Theorem 1 establishes that when the reproduction number is below unity, the disease-free equilibrium
is globally asymptotically stable. Numerical results support this finding, as effective interventions reduce
transmission and disease prevalence. Model parameters were estimated through a nonlinear least-squares
optimization that minimized the difference between simulated and observed data. Numerical simulations
were implemented in MATLAB using the ode45 solver, and the fitted results showed strong agreement
with epidemiological observations, as illustrated in Figure 2 for cholera and typhoid infections.

107  Cholera Calibration ~10° Typhoid Calibration

) Observed
Model

3

Cholera Cases
Typhoid Cases

o o
2014 2016 2018 2020 2022 2024 2014 2016 2018 2020 2022 2024
Year Year

Fig. 1. Comparison between the (left) model predictions and (right) observed data for cholera and typhoid infections

Source: Authors’ model predictions and epidemiological data attributed to the Nigeria Centre for Disease Control
(NCDC) and the World Health Organization (WHO)

The numerical results are interpreted using the epidemiological compartments defined in Table 1,
including the susceptible, vaccinated, exposed, infected, recovered, and environmental bacterial classes.
These variables provide the basis for assessing disease progression and the effects of vaccination, treatment,
and sanitation interventions.
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Dynamics of Susceptible Population

10000

9000

8000

7000

Susceptible Population
U

o 20 40 60 80 100 120 140 160 180 200
Time (days)

Fig. 2. Temporal dynamics of the susceptible population under no intervention (H = 0) and moderate intervention (H
=0.25)

Source: Authors’ numerical simulations of the susceptible population

) Cholera infected Dynamics ) Typhoid infected Dynamics Co-infection Dynamics
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] 2000 — [ ()25 3 2000 — ] ()25
it 8 B 400
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5 1000 g 1000 ‘T
] e, G 200
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Time (days) Time (days) Time (days)

Fig. 3. Temporal dynamics of (left) cholera-infected, (middle) typhoid-infected, and (right) co-infected populations
under no intervention (H = 0) and moderate intervention (H = 0.25)

Source: Authors’ numerical simulations of cholera-infected, typhoid-infected, and co-infected populations
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Cholera Recovered Typhoid Recovered Co-infection Recovered
2500 900

2500
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5 Pl
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Fig. 4. Temporal dynamics of (left) cholera-recovered, (middle) typhoid-recovered, and (right) co-infection-recovered
populations under no intervention (H = 0) and moderate intervention (H = 0.25)

Source: Authors’ numerical simulations of cholera-recovered, typhoid-recovered, and co-infection-recovered
populations

The dynamical analysis in Figures 3—5 showed that, without intervention, the susceptible population
declined rapidly due to high infection pressure. In contrast, intervention measures significantly slowed this
depletion and maintained a higher long-term susceptible population. Cholera dynamics exhibited a
pronounced outbreak peak without intervention because of strong environmental transmission, whereas
moderate intervention substantially reduced both peak prevalence and outbreak duration.

Typhoid dynamics showed weaker sensitivity to intervention intensity, suggesting a stronger
dependence on direct human-to-human transmission than on environmental contamination. Co-infection
dynamics indicated that simultaneous infection greatly increased disease burden, but integrated control
measures effectively reduced both the prevalence and persistence of co-infected individuals. Theorem 2
shows that when the reproduction number exceeds unity, the infection persists and solutions converge to
the endemic equilibrium. Numerical results support this finding, and vaccination, treatment, and sanitation
reduce the disease burden.

Environmental Cholera Dynamics Environmental Typhoid Dynamics

10000 10000

9000 9000
8000 8000
7000 7000

6000 6000

5000 5000

ella Typhi Concentration

4000 4000

3000 00

Vibrio Cholerac Concentration

2000 2000

1000 1000

0 0
0 50 100 150 200 0 50 100 150 200

Time (days) Time (days)

Fig. 5. Temporal dynamics of (left) Vibrio cholerae and (right) Salmonella Typhi concentration under no intervention
(H = 0) and moderate intervention (H = 0.25)

Source: Authors’ numerical simulations of environmental Vibrio cholerae and Salmonella Typhi concentrations

https://doi.org/10.24191/mij.v7i2.12400 ©Authors, 2026


https://doi.org/10.24191/mij.v7i2.12400

322 Sagir et al. / Mathematical Sciences and Informatics Journal (2026) Vol. 7, No. 2

Environmental reservoir simulations shown in Figure 6 demonstrated that Vibrio cholerae
concentrations rose rapidly during the early epidemic phase due to bacterial shedding from infected
individuals. Intervention measures significantly reduced environmental bacterial load through improved
sanitation and lower transmission. A similar but less pronounced pattern was observed for Salmonella
Typhi, confirming that environmental sanitation plays a more important role in cholera control than in
typhoid transmission.

The tornado diagram in Figure 7 shows the relative influence of epidemiological parameters on the
basic reproduction number R,. Parameters associated with transmission rates (B¢, Br, P¢, 1) show strong
positive sensitivity, indicating that higher values raise disease transmission. In contrast, recovery and
removal parameters (i, 8¢, §7) exhibit negative sensitivity indices, demonstrating their role in reducing
discase spread.

-0.8 -0.6 -0.4 -0.2 o 0.2 0.4 0.6 0.8
Sensitivity Index of R,

Fig. 6. The tornado diagram illustrates the relative influence of epidemiological parameters on the basic reproduction
number R,

Source: Authors’ sensitivity analysis of the model’s basic reproduction number

4.2 Cost-Effectiveness Results

The comparative analysis of cholera and typhoid control strategies is presented in Table 2, where four
interventions, namely vaccination, sanitation, treatment, and combined control, are evaluated based on
infections averted and associated costs.

Table 2. Comparative cost-effectiveness analysis of cholera and typhoid control strategies showing the number of infections averted
and associated costs for vaccination, sanitation, treatment, and combined interventions, used to evaluate the economic efficiency.

Control strategies No. of cholera infections Cost No. of typhoid infections Cost
averted averted

Vaccination 15132 945678.10 17133 915222.80

Sanitation 42822 623151.20 32820 515896.20

Treatment 23839 1700082.55 25830 1113459.8

Combined 81793 3268911.85 75783 2544572.8

Source: Authors’ model-based calculations of infections averted and intervention costs
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Fig. 7. Cost-effectiveness analysis of control strategies using ACER; (left) overall ACER shows sanitation as the
most cost-effective; (middle) disease-specific ACER confirms sanitation's efficiency for both cholera and typhoid;
(right) the cost-effectiveness plane shows the combined strategy has the highest impact but also the highest cost.

Source: Authors’ cost-effectiveness calculations

Figure 8 presents the cost-effectiveness analysis of vaccination, sanitation, treatment, and combined
strategies using ACER. Figure 8 (left) shows overall ACER values, with sanitation the most cost-effective
and the combined strategy the least efficient. Figure 8 (middle) presents disease-specific ACER results for
cholera and typhoid, confirming sanitation as the most efficient intervention in both cases, while
vaccination and treatment show moderate performance. Figure 8 (right) illustrates the cost-effectiveness
plane, where the combined strategy achieves the greatest impact but at the highest cost. Overall, Figure 8
indicates that sanitation provides the best balance between cost and effectiveness. These findings suggest
that the optimal allocation of limited public health resources should prioritize sanitation interventions while
complementing them with targeted treatment and vaccination efforts.

5. CONCLUSION

A deterministic nonlinear model for cholera—typhoid co-infection was developed to incorporate
environmental transmission, latency, vaccination, treatment, recovery, and bacterial dynamics. The model
was verified to be well-posed by establishing the non-negativity and boundedness of its solutions.
Furthermore, the basic reproduction number R, emerged as the principal threshold indicator: disease
extinction occurs when R, < 1, whereas endemic persistence is expected when Ry > 1.

The global stability analysis confirmed the asymptotic convergence of solutions to the disease-free
and endemic equilibrium points when the associated threshold conditions are met. Sensitivity analysis
showed that cholera transmission is mainly driven by environmental contamination, whereas typhoid spread
is more affected by direct human contact.

Optimal control results revealed that vaccination, treatment, and sanitation measures significantly
reduced the prevalence of infection and bacterial concentrations. Cost-effectiveness analysis indicated that
sanitation is the most efficient strategy for cholera control, whereas combined interventions provide the
greatest reduction in co-infection burden. Overall, integrated control strategies are essential for the effective
management of cholera—typhoid co-infection in endemic settings.
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The findings indicate that environmental transmission and control interventions play important roles
in cholera—typhoid dynamics. However, the environmental component is represented by simplified
bacterial reservoir dynamics and does not include climatic factors or stochastic outbreak variations, which
may influence the observed transmission patterns.

Future studies could incorporate climatic and spatial factors, stochastic transmission, and more
detailed epidemiological data. Adaptive control strategies may also be investigated to improve the
effectiveness and sustainability of interventions.
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    Z  C


    l  T =   a 7  (   S  H −   S  H ∗  ln ⁡    S  H ) +   a 8  (   V  T −   V  T ∗  ln ⁡    V  T ) +   a 9  (   E  T −   E  T ∗  ln ⁡    E  T )


                  +   a 10  (   I  T −   I  T ∗  ln ⁡    I  T ) +   a 11  (   R  T −   R  T ∗  ln ⁡    R  T ) +   a 12  (   B  T −   B  T ∗  ln ⁡    B  T )  


    d   l  T  d t = −   a 7  (   𝜛  T + 𝜇 )    ( 1 −       S ∗  H    S  H ) 2 −   a 7   𝜆  T    ( 1 −       S ∗  H    S  H ) 2 +   Z  T  (   S  H ,   V  T ,   E  T ,   I  T ,   R  T ,     B  T )


    Z  T ≤ 0


      Z  C , Z  T ≤ 0


    d l  d t ≤ 0


      S  H = S  H ∗ ,     V  C = V  C ∗     , V  T = V  T ∗   ,     E  T = E  T ∗ ,   … . ,   B  T =  B  T ∗ .


    E  ∗ ∗


  x  ( t ) =   S  H ,     V  C   ,     V  T ,     E  C ,     E  T ,     I  C ,     I  T ,     I  T C ,     R  C ,   R  T ,   R  T C ,     B  C ,     B  T


    U 1  ( t ) ,     U 2  ( t )


    U 3  ( t )


  J  (   U 1 ,     U 2 ,     U 3 ) =   ∫ 0  T   [   A 1   I  C  ( t ) +   A 2   I  T  ( t ) +   A 3   I  T C  ( t ) +  1 2  (   B 1   U 1 2 +   B 2   U 2 2 +   B 3   U 3 2 ) ] d t        


      A  i ≥ 0 ,   B  i > 0


    0 ≤ U  i  ( t ) ≤     U  i  m a x ,   i = 1 , 2 , 3


    𝜆  i ( t )


    d   𝜆  i  d t = −   𝛿 H  𝛿   x  i ,     𝜆  i  ( T ) = 0    ( i = 1 , … , 13 )


    U 1 ∗  ( t ) =  min ⁡   (   U 1  m a x   ,   m a x ⁡   ( 0 ,       𝜆 1   S  H      B 1 )   )


    U 2 ∗  ( t ) =  min ⁡   (   U 2  m a x   ,   m a x ⁡   ( 0 ,       𝜆 6   I  C +   𝜆 7   I  T +   𝜆 8   I  T C    B 2 )   )


    U 3 ∗  ( t ) =  min ⁡   (     U 2  m a x   , m a x ⁡   ( 0 ,       𝜆 2   V  C +   𝜆 3   V  T      B 3 )   )


  A C E R =     C 2 −   C 1    E 2 −   E 1


    C  i


  ( i )


    E  i


  ( H = 0 )


   ( H = 0 . 25 )  


    R 0


  (   𝛽  C ,   𝛽  T ,   𝜙  C ,   𝜙  T )


  ( 𝜇 ,   𝛿  C ,   𝛿 ​  T )  


    R 0


    R 0


    R 0 < 1


    R 0 > 1

